In this paper we extend the generalised Garfinkle-Vachaspati transform (arXiv:1808.04981) to include the dilaton. We explore this generalisation in ten-dimensions with R-R or NS-NS 2-form field and relate the two set-ups via S-duality. In the context of the D1-D5 system, this generalisation allows us to add travelling wave deformations on solutions beyond minimal sixdimensional supergravity lifted to IIB supergravity. We work out travelling wave deformations involving the torus directions on a class of supersymmetric D1-D5-P geometries. We also explore applications of our technique to the F1-P system.
Introduction
String theory has had many successes with black holes, including precision counting of microscopic degeneracies for certain supersymmetric brane systems relevant to black hole physics [1, 2, 3, 4, 5] .
In these discussions a concept of black hole "hair" plays an important role [6, 7, 8] . The term black hole hair refers to normalisable deformations of the black hole solution with support outside the horizon. It is often the case that the microscopic degeneracies formulae count both the degeneracy of the black hole and the contributions due to hair modes.
An example is the 4D-5D lift relating BMPV black hole to a four dimensional black hole. These two set-ups have identical near horizon geometries, but different microscopic degeneracies of the corresponding brane systems [9] . This difference in the microscopic degeneracies can be accounted for by the hair modes [6, 7] .
In construction of such hair modes, the Garfinkle-Vachaspati transform [10] is of fundamental importance. The technique allows to add travelling wave deformations (hair modes) on the above mentioned black holes. It goes as follows: given a spacetime with metric g µν admitting a null, Killing, and hypersurface orthogonal vector field k µ , i.e.,
for some scalar function S, one can construct a new exact solution of the equations of motion as,
where χ satisfies massless wave equation with respect to the background metric,
Matter fields, if present, do not transform as long as some transversality conditions on form-fields are satisfied. For further details we refer the reader to [11] . The technique has been applied in varied contexts, see e.g., [7, 11, 12, 13, 14, 15, 16] . Not only the techniques that add travelling waves allow us to construct hair modes on certain class of black holes, they are of crucial importance in the construction of black hole microstates in the context of the fuzzball paradigm [17, 18, 19, 20] . For example, travelling wave solutions describing F1-P bound states -often referred to as Dabholkar- Harvey bound states [12, 21] -can be dualised into two charge D1-D5 bound states [22, 17] . A natural question is: can one add further hair on D1-D5 bound states using the Garfinkle-Vachaspati transform?
Unfortunately, the technique does not find a useful application in the context of the D1-D5 bound states. For these geometries the null Killing vector fails to be hypersurface orthogonal. This roadblock led authors to explore alternative perturbative techniques to construct hair modes on the known D1-D5 geometries [23, 24] . In [25] it was speculated that a generalised Garfinkle-Vachaspati transform might exist that does not require the hypersurface orthogonality property of the null Killing vector.
Recently, we proposed a generalised Garfinkle-Vachaspati transform [26] that finds applications in the context of D1-D5 geometries too. It allows us to add travelling wave deformations to certain solutions of minimal six-dimensional supergravity embedded in ten-dimensional type IIB theory via trivially adding the four-torus directions. The travelling wave deformations involve the four-torus directions. Not only the metric but also the Ramond-Ramond 2-form field supporting the solution transforms in a specific way.
A priori it is not at all obvious if the generalised Garfinkle-Vachaspati transform (GGV) can be extended to other set-ups. The most pertinent extension is the inclusion of the dilaton. This is because, (i) most of the interesting and rich examples of D1-D5 geometries involve the dilaton,
(ii) the presence of the dilaton allows one to convolute the GGV technique with S-duality. In this paper we present a generalisation of the generalised Garfinkle-Vachaspati transform with dilaton.
As detailed in appendix A, it is quite non-trivial that the technique finds a generalisation with dilaton.
The rest of the paper is organised as follows. In section 2 we postulate our generalised
Garfinkle-Vachaspati transform (GGV) with dilaton. Two set-ups related by S-duality, namely, ten-dimensional type IIB Ramond-Ramond (R-R) sector with dilaton and the ten-dimensional Neveu-Schwarz (NS-NS) sector with dilaton, are addressed in sections 2.1 and 2.2 respectively.
In section 3 we work out travelling-wave deformation involving the torus directions on a class of supersymmetric D1-D5-P orbifold geometries. The deformed solutions are given in terms of solutions of a (non-minimally coupled) scalar field on the background geometry. When the background contains a large AdS region, the deformed states are identified in the D1-D5 CFT as an action of a U(1) current on the undeformed state. In section 4 application of the GGV technique to the F1-P system is discussed. In section 5 we close with a brief discussion of possible future directions.
Technical details involved in establishing the GGV technique are presented in appendix A.
Generalised Garfinkle-Vachaspati transform with dilaton
Generalised Garfinkle-Vachaspati (GGV) transform was introduced in [26] as a novel solution generating technique in IIB theory and in various other duality frames. The technique allows to add wave like deformations to certain solutions of minimal six-dimensional supergravity trivially lifted to IIB theory along the four-torus directions. In this paper we explore a generalisation of the GGV transform where the six-dimensional solutions can have a non-trivial dilaton profile. There are two closely related set-ups for which this generalisation is explored in this paper: (i) tendimensional type IIB Ramond-Ramond (RR) sector with dilaton and the two-form RR field, and
(ii) ten-dimensional Neveu-Schwarz (NS-NS) sector with dilaton.
Transform for the type IIB R-R sector
The non-zero dilaton brings in several new elements. From the six-dimensional perspective, in general, we can no longer truncate to minimal supergravity. The simplest set-up in six dimensions that allows for the dilaton is minimal supergravity coupled to one self-dual tensor multiplet. The six-dimensional action is, see, e.g. [27] ,
where F (3) = dC (2) . This is the 6d theory we will work with exclusively. For ten-dimensional fields we follow Polchinski's conventions [28, 29] . The ten-dimensional IIB string frame action with R-R 2-form field is
The embedding of interest of six-dimensional fields in ten-dimensions is
where ds 2 (S) is the ten-dimensional string frame metric, ds 2 4 = 4 i=1 dz i dz i is the flat torus metric, φ is the six-dimensional dilaton. The ten-dimensional dilaton is same as the six-dimensional dilaton 4) and the ten-dimensional 2-form R-R field is also same as the six-dimensional 2-form field with zero components in the four torus directions.
The spacelike Killing vectors provided by the torus directions, 5) are normalised as l µ l µ = e φ . These vectors are not covariantly constant, unlike in the analysis of [26] . Let k µ be a null Killing vector of the six-dimensional metric ds 2 6 , with the property that the dilaton is compatible with the null Killing symmetry 1
The generalised Garfinkle-Vachaspati transform takes the following form in the ten-dimensional string frame
It is a valid solution generating technique provided
is satisfied by the background solution. We refer to this condition as the transversality condition.
The scalar Ψ should satisfy the following wave equation on the background spacetime,
1 To avoid notational clutter we have not introduced separate indices that range over six-dimensional spacetime.
Most of the equations we write are in ten-dimensions. It should be clear from the context when the indices run over six dimensions.
This equation can equivalently be written as
In addition we also require that the scalar Ψ is compatible with the Killing symmetries, i.e., One can write the corresponding GGV in Einstein frame. Since for applications to the D1-D5 system in section 3 we only work with string frame metric, we relegate these details to appendix A.4.
Transform for the NS-NS sector
In our conventions the ten-dimensional NS-NS sector string frame action is,
where H = dB. Note that this metric is same as (2.13). In fact, the two embeddings are related by S-duality. Sduality relates the RR sector of IIB supergravity to the NS-NS sector. The S-duality transformation in Einstein frame is
The equivalence of (2.17) and (2.13) is the reflection of the fact that the Einstein frame metric does not change under S-duality.
We can adapt the GGV from the RR sector to the NS-NS sector, for details see appendix A.4.
In string frame the generalised Garfinkle-Vachaspati transform takes the form,
The transversality condition reads, 21) and the scalar wave equation for the field Ψ reads,
Application to the D1-D5 system
In this section we explore applications of the GGV transform to a class of D1-D5 geometries.
Consider type IIB string theory compactified on S 1 × T 4 . We denote by y the coordinate of S 1 and
Deformation of a class of D1-D5-P backgrounds
We consider traveling wave deformation along the torus directions on the class of D1-D5-P backgrounds constructed in [32, 33] . A standard form [33] for the string frame metric, RR 2-form and dilaton for this background is,
where
This configuration carries D1, D5, and P charges. The integer number of D1, D5, and P branes n 1 , n 5 , n p , respectively are related to the parameters appearing in the metric as follows
This above metric can be written in a generalised GMR form as a 2D fiber over a 4D almost hyper-Kähler base space. Note that we call it a generalised GMR form, as the nomenclature GMR form typically refers to supersymmetric solutions of minimal 6D supergravity [34] . For non-minimal 6D supergravity supersymmetric solutions have been recently studied in [35, 36] . As a 2D fibre over a 4D base space the string frame metric takes the form
where u = t + y and v = t − y, and 2 10) and the base metric h mn given as,
The above configuration has 12) as the appropriate null Killing vector and
as the appropriate spacelike Killing vector for the application of the generalised Garfinkle-Vachaspati transform. The background configuration also satisfies the transversality condition, cf. (2.9),
A general solution to the scalar equation, cf. (2.11),
can be obtained using the ansatz
In the previous paper [26] F was mistakenly written to be
Upon substituting this ansatz we get ordinary differential equations for the functions f n (r), which can be readily solved. We find
where the index i refers to the four-torus coordinates z i .
The generalised Garfinkle-Vachaspati transform
simply corresponds to replacing 20) in the metric. For the form field, the recipe is the same, but there are some details. The two form field written above can also be written as
where we have removed a constant term proportional to du ∧ dv by a gauge transformation. In this form the deformation of C (2) also simply corresponds to replacing
When Q 1 = Q 5 the deformation reduces to to the one considered in [26] .
Global properties and smoothness
Although it is not manifest in the above coordinates, the deformed solution has flat asymptotics [25, 26] . Much of the following discussion in this section parallels the corresponding discussions in those references, so we shall be brief. At infinity the metric of the deformed solution looks like,
As in previous works [25, 26] , for simplicity, from now onwards we assume c i 0 = 0. The coordinate transformation that puts the deformed spacetime in an asymptotically flat form and simplifies the extraction of charges is
In the r → ∞ limit, this transformation simplifies to,
The value of λ is fixed by the requirement that the new time coordinate
is a single valued function under y ∼ y + 2πR y at infinity. In new coordinates, the asymptotic metric (3.23) is manifestly flat,
The z ′i coordinates have the same periodicity as the z i coordinates. The periodicity of the
In the rest of the section we exclusively work with R as opposed to R y .
Following [25] , we introduce
In terms of the parameter R we have,
Now we would like to extract the ADM quantities. We find that it is most convenient to do this computation in six-dimensions as the ten-dimensional string frame metric is directly related to the six-dimensional Einstein frame metric. At large values of r we find that the relevant terms of the ten-dimensional string frame metric admits an expansion of the form,
From these components we can extract (six-dimensional) ADM quantities. The ADM momenta in the y ′ -direction is
where we have used the 6-dimensional Newton's constant to be G =
together with (3.6).
The ADM mass is [26] 
We note that the BPS bound is saturated; addition of momentum shifts the mass by P y ′ . To extract angular momenta, we use
To analyse the smoothness of the spacetime, we start by looking at the determinant of the deformed metric. The determinant of the deformed metric remains the same as the undeformed metric. Furthermore, since the scalar (3.17) is finite everywhere, potential singularities can only occur at places where the background solution becomes singular. In the background solution, there are no such points [32, 33] . Hence the solution remains smooth even after the deformation.
Decoupling limit and AdS/CFT interpretation
The undeformed geometry develops a large AdS region when,
To obtain the decoupled metric we introduce,
and take the limit R y → ∞ keeping Q 1 and Q 5 fixed. Due to rescaling of coordinates (3.47) we get a metric that describes the inner AdS 3 × S 3 × T 4 region of the geometry,
To obtain the decoupled metric with the deformation turned on we proceed as follows [25, 26] .
In order to maintain ADM momentum (3.41) finite as R y becomes large, we must scale the scalars appropriately with R y . In the present set-up, scalars should scale as
With this rescaling, terms in the metric of the form du + Ψ i dz i behave as
In the limit R y → ∞ such terms simply become R y dū, i.e., scalars Ψ i all scale out. Once again we get the decoupled metric (3.48).
However, all is not that simple. There is a subtlety. We recall from the analysis of the previous subsection that the deformed metric is not manifestly asymptotically flat in coordinates z i , t, y;
it is manifestly asymptotically flat in z ′ i , t ′ , y ′ . The decoupled metric in the z ′ i , t ′ , y ′ coordinates is naturally glued to the asymptotically flat region. Therefore, we should write the decoupled metric in these coordinates. This change of coordinates reintroduces scalars. In the R y → ∞ limit transformations (3.25)-(3.27) simplify to
The decoupled metric takes the form,
We can now read off the charges, say, by comparing the above metric to a standard form of asymptotic form of the AdS 3 × S 3 × T 4 . We find,
54)
These charges agree with expressions (3.41), (3.44), (3.45) in the R y → ∞ limit.
Deformed states in the D1-D5 CFT
Let |ψ be the normalised state in the D1-D5 CFT that describes the dual to the undeformed gravity configuration with ADM momentum
Then the expression for the momentum P y ′ , cf. (3.53), can be compared with the momentum of the normalised deformed CFT state [25, 26] ,
where J i −n are the modes of the four U(1) currents of the D1-D5 CFT, and the parameters µ i n are determined below. The momentum of the deformed state turns out to be,
Upon doing the Fourier expansion of (3.53) in the decoupling limit, we get (assuming Ψ i 's are real scalars),
From the matching between the gravity and the CFT answers we arrive at the relation between the quantities c i n and µ i n , µ
With this identification we have singled out a state in the D1-D5 CFT that has the same charges as the deformed gravity solutions.
Application to the F1-P system
In this section, we briefly discuss application of the GGV transform to the F1-P system. Since the most general vibrating fundamental string solution with momentum modes added on top is already well known [12, 21] , we do not expect that the GGV technique would allow us to discover something novel. Nonetheless, the F1-P system is well suited for an application of the GGV transform in the NS sector. 3 We start with the chiral null model for the NS sector of type II supergravity in Einstein frame [37, 38] . We take ∂ u as the null Killing vector. Metric and the supporting matter fields take the form, The chiral null model equations of motion require that it satisfies source-free Maxwell equation, see e.g., appendix C of [22] . In general the gauge field can also have components in the T 4 directions;
in the above metric we have written only for the R 4 directions. Let u = t + y, v = t − y with the coordinate y be periodic with length L y = 2πR y . Level matched F1-P configurations with smeared harmonic functions over the four-torus and the y direction are described by [22] ,
We wish to apply the generalised Garfinkle 
where functions Ψ (j) satisfy Ψ (j) = 0 for j = 1, . . . , 4. Applying this transformation to configuration (4.1)-(4.2) we get the transformed metric and 2-form field as
The harmonic functions Ψ (j) in equations (4.6)-(4.8) can be interpreted as additional components of the gauge field A i with components in the torus directions, see, e.g., [39, 40] . The final solution is also a chiral null model solution. In general, it does not satisfy the level matching condition [21] .
One can always perform an ordinary GV transform to add appropriate momentum to get a solution that satisfies the level matching condition.
Alternatively, taking
we can arrive at a slightly different interpretation as follows. The transformed metric takes the form,
Introducing new coordinates
we can write the above metric as,
The two-form B-field and the dilaton remain unchanged under this coordinate transformation, 
This metric can be readily interpreted as pp-wave added to the above F1-P chiral null model with matter fields remaining unchanged. 4 The final metric is simply the ordinary GV transform ( 
Summary and future directions
In this paper, we presented a generalised Garfinkle-Vachaspati transform for a six-dimensional theory with dilaton embedded in ten dimensions via the addition of four-torus. We considered two different embeddings, related by S-duality. In both these embeddings we presented the GGV technique and worked out its applications.
In the type IIB Ramond-Ramond embedding, the technique allows us to add travelling-wave deformations involving the torus directions on a class of D1-D5-P geometries. We explicitly worked out these deformations on certain supersymmetric D1-D5-P orbifolds. The deformed solutions are given in terms of solutions of a scalar field on the background geometry. When the background contains a large AdS region, the deformed states are identified in the D1-D5 CFT as an action of a U(1) current on the undeformed state. This analysis is a generalisation of the previous works [25, 26] , where similar deformations were considered for the dilaton free solutions. Using our techniques, deformations of further examples can be considered, including microstates of the D1-D5-KK system [41] . We also briefly discussed the application of the GGV technique to the F1-P system.
Our work offers several opportunities for future research. The most natural direction to explore is the supersymmetry properties of the deformed solutions. In [25] it was shown that under the GGV transform, supersymmetric solutions of minimal six-dimensional supergravity are deformed into supersymmetric solutions of ten-dimensional IIB supergravity. It is natural to conjecture that the GGV deformations of supersymmetric solutions of non-mininal six-dimensional supergravity are also supersymmetric in ten dimensions.
In a related line of investigation, reference [35] studied a class of BPS black string solutions with traveling waves. The horizon of these solutions turns out to be singular. It will be interesting to understand if our technique allows one to add non-singular travelling wave deformations on black string solutions lifted to ten-dimensions. Such hair will also be of interest with regard to the 4D-5D
connection in IIB compactification on T 4 × S 1 , cf. [6, 7] .
It will be useful to explore GGV technique in other duality frames, in particular, say for solutions of five-dimensional STU supergravity embedded in M-theory. The structure of embedding, see, e.g., [42] , is very similar as in the present work, though because of the presence of different matter fields details are likely to be different. If successfully implemented, the technique will allow us to add hair modes associated to various U(1) currents of the MSW CFT on the MSW microstates [43] .
A Detailed analysis of equations of motion
In this appendix we establish that the generalised Garfinkle-Vachaspati (GGV) transform with dilaton is a valid solution generating technique. In the main text we presented the technique in the string frame. For the purpose of showing that it is a valid solution generating technique it is most convenient to work in the so-called conformal frame (introduced below). Once we establish the technique, it can be readily written in any frame we like. We provide a concise summary in string, Einstein, and what we call conformal frame in section A.4.
To establish the solution generating technique we follow the same methodology as in our previous work [26] . Via a detailed brute force calculation we show that the left hand side and the right hand side of the IIB equations transform in the same way.
The set-up we are interested in is six-dimensional metric, antisymmetric 2-form field C µν , and dilaton φ lifted to ten-dimensional IIB theory on T 4 . The six-dimensional set-up is minimal six-dimensional supergravity coupled to one self-dual tensor multiplet with action [27]
For ten-dimensional fields we follow Polchinski's conventions. The ten-dimensional IIB string frame action with RR 2-form field is
where ds 2 (S) is the ten-dimensional string frame metric, ds 2 4 = 4 i=1 dz i dz i is the flat torus metric, φ is the six-dimensional dilaton. Ten-dimensional dilaton is same as the six-dimensional dilaton
and the ten-dimensional 2-form R-R field is also same as the six-dimensional 2-form field with zero components in the four torus directions. The ten-dimensional Einstein frame metric takes the form,
In a standard IIB conventions [28, 29] , bosonic field equations in Einstein frame take the form
A.1 Left hand side of Einstein equations
Generalised Garfinkle-Vachaspati transform technique uses a null Killing vector and a spacelike Killing vector. In order to directly use some of the details from the previous paper [26] , we need to do a conformal transformation when dilaton is present. This is because in the previous analysis we worked with a covariantly constant spacelike vector l µ provided by the torus directions. In neither the Einstein frame nor the string frame torus Killing vectors are covariantly constant.
To obtain the form of the metric where the four torus directions provide covariantly constant vectors we perform a conformal transformation by the factor e −φ/2 on the Einstein frame metric.
We call the new metric the "conformal frame" metric. It takes the form,
Let the six-dimensional metric ds 2 6 , and hence the ten-dimensional string frame metric ds 2 (S)
cf. (A.3), admits a null Killing vector k µ , with the property that the dilaton is compatible with the Killing symmetry
It then immediately follows that the conformal frame metric ds 2 (C) also admits the same Killing vector. Since the covariant (lower) components of the Killing 1-form depend on the metric under consideration, to avoid any confusion, we use the notationk µ for the conformal frame Killing 1-form. We also use the notationk µ , but we note thatk µ ≡ k µ . This is a convenient notation. It
where∇ µ is the metric compatible covariant derivative with respect to the conformal frame metric.
In the conformal frame the torus directions provide covariantly constant unit normalised spacelike (Killing) vectors orthogonal tok µ :
Furthermore, we have thatl
For the conformal frame metric, we now have a null Killing vectork µ and covariantly constant spacelike vectorsl µ (i) . We can perform the GGV transform on conformal frame metric following [26] , and use the technology of [26] to compute the left and right hand sides of the transformed equations.
Using this we discover (i) the right set of transformation rules, (ii) conditions to be satisfied by the background spacetime in order for the technique to work, and (iii) the correct equation to be satisfied by the deforming scalar field. Once the technique is established in one frame, we can go to string or Einstein frame metric by appropriate conformal transformation.
Since conformal transformations play an important role in this discussion, let us recall the transformation rules for the covariant derivative and the Ricci tensor under a conformal transformation. For the conformal transformation g µν = Ω 2 g µν in n-dimensions the covariant derivative transforms as
where 15) and the Ricci tensor transforms as,
Using these transformations we first obtain Einstein equations in the conformal frame:
µν .
(A.17)
Einstein equations take the form
In the conformal frame, we postulate the generalised Garfinkle-Vachaspati (GGV),
We will see from the analysis below that the above transformation works when the background spacetime configuration satisfies a "transversality" condition: 21) and the scalar Ψ satisfies,˜
Two comments are in order. First, in the dilaton-free case, the scalar equation reduces to the minimally coupled massless scalar equation for Ψ. Second, remarkably, the transversality condition (A.21) in the conformal frame is the same as for the dilaton-free case considered in [26] . We can check that the transversality condition is consistent with the Einstein equations -it is the "square root" of a doubly contracted Einstein equations even in the present set-up. Contracting the left hand side of the Einstein equations (A.18) twice with the null Killing vectork µ , we can simplify it
Contracting the right hand side similarly, we first note that,
Therefore, the contracted Einstein equations simply reduce to 25) which is just the square of the transversality condition (A.21).
To proceed further, we need to compute the transformation of the Ricci tensor under the GGV.
For this computation we simply follow the steps from appendix A.1 of [26] to find the transformed Ricci tensor in the conformal frame is 5 , and write the transformed R-R two-form field (A.28) as
We then find thatF ′ λαβF
From this last expression it can be easily seen that
The transformation of the dilaton term in (A.18) is similarly computed:
Comparing with the left hand side (A.26), we see that the variations of both sides match provided,
This looks like a non-trivial tensor equation for the scalar Ψ. Fortunately, making use of the background Einstein equations this can be simplified. The term 2(∇ µk ρ )(∇ ρ φ) is simplified to
Next, using the background Einstein equation we can write the right hand side of equation (A.38) as,
Using the identitiesk
we get,
Similarly,
As a result of these simplifications, tensor equation (A.37) becomes a scalar equation,
A.3 Matter field equations
The 2-form field equation in Einstein frame is (A.7). Under conformal transformation from Einstein frame to the conformal frame we note that
with C ν µα given in equation (A.15). A simple calculation using these equations gives that the 2-form field equation in the conformal frame can be written as,
To check the validity of our generalised GV transform, we need to check that the matter field equations transforms covariantly. Under the generalised GV transform the dilaton remains invariant while the 3-form field strength with all the three contravariant (upper) indices transforms as (A.33)
Therefore, under the GGV transformation we have the following transformation of the left hand side of equation (A.47) (more details can be found in appendix A.3 of [26] ), 
A.4 Summary in different R-R and NS-NS frames
Now that we have established that the GGV transform is a valid solution generating technique, we can express it in any frame we like.
Conformal frame:
The generalised Garfinkle-Vachaspati transform is
with scalar Ψ satisfying∇ µ (e 2φgµν (∂ ν Ψ)) = 0, (A.54) and the 2-form C-field satisfying the transversality conditioñ
In this frame the vectorl µ is covariantly constant and unit normalised.
Einstein frame: By performing the conformal transformation by the factor g (E)
µν = e φ/2g µν we obtain the GGV in the Einstein frame. In this frame the spacelike vector l µ is not covariantly constant. It satisfies The GGV transform takes the form µν we obtain the GGV transform in the string frame. In this case we present some more details as this is the set-up we exclusively work with in the main text of the paper. In this frame too, the spacelike For ease of reference we write the string frame equations of motion (and omit the superscript (S) for convenience). The IIB string frame action with RR 2-form C (2) with F (3) = dC (2) The six-dimensional 2-form field is now the 2-form B-field with zero components in the four torus directions.
In this embedding the torus Killing vectors are unit normalised and are covariantly constant.
In this set-up the GGV transform takes the form,
The transversality condition reads, We note that this metric is same as (A.5). The two embeddings are related by S-duality:
µν → g 
